Abstract. We present a generalization the G. Letzter's theory of quantum symmetric pairs of semisimple Lie algebras for the case of quantum affine algebras. We then study solutions of the reflection equation for the quantum affine algebras Uq( sl(2)) and Uq( gl(1|1)) and their Yangian limit for singlet (diagonal) and vector (non-diagonal) boundary conditions. We construct the corresponding quantum affine coideal subalgebras that are based on the quantum symmetric pairs, and the (generalized) twisted Yangians.
Introduction
Quantum affine algebras and Yangians are the simplest examples of the infinite-dimensional quantum groups and play a central role in quantum integrable systems [1, 2] . These algebras were introduced in [3, 4] and since then had a significant impact on the development of the quantum inverse scattering method and related quantum integrable models.
The quantum affine algebra U q ( g) and the Yangian Y(g) are deformations of the universal enveloping algebras U( g) and U(g [u] ) respectively, where g is the affine Kac-Moody algebra, a central extension of the Lie algebra of maps C × → g of a finite Lie algebra g, and g [u] is a deformation of the Lie algebra of maps C → g. In such a way, Yangians may be viewed as a specific degenerate limit of quantum affine algebras [5] . We refer to [6] for complete details on quantum groups.
In this paper we will concentrate on the finite dimensional representations of quantum groups, the socalled evaluation representations. These are constructed via the epimorphisms ev a : U q ( g) → U q (g) and ev a : Y(g) → U(g) called the evaluation homomorphisms, which evaluate the g-valued polynomials at a point a ∈ C. Such representations have wide applications in both mathematics and physics. However they can be constructed for some Lie algebras only.
We will consider integrable models with open boundary conditions, and concentrate on the algebras that define solutions of the reflection equation [7] . These algebras are one-sided coideal subalgebras and are conveniently called reflection algebras. Such algebras have been extensively studied in e.g. [8] [9] [10] [11] [12] [13] [14] [15] and more recently in e.g. [16] [17] [18] [19] . For field theoretical applications of the coideal subalgebras and corresponding reflection matrices we refer to [20, 21] .
For this purpose we have selected two simple Lie (super-) algebras, sl(2) and gl(1|1), and have studied reflection algebras for the corresponding quantum groups: quantum affine (super-) algebras U q ( sl(2)) and U q ( gl(1|1)), and Yangians Y(sl (2) ) and Y(gl(1|1)). We refer to [6] and [22] [23] [24] for details on these algebras. For each quantum group we consider singlet and vector boundary conditions. The singlet boundary forms singlet (trivial) representation of the boundary (reflection) algebra, thus there are no boundary degrees of freedom in the associated field theory. The vector boundary forms an evaluation representation of the boundary algebra and has boundary degrees of freedom. In field theoretical models the evaluation parameter is usually associated with the rapidity of a state. Boundary states have zero rapidity and thus the boundary evaluation parameter is conveniently associated with some conserved quantity of the boundary, e.g. the energy [39] . Singlet boundaries have been heavily studied and the corresponding boundary algebras and solutions of the reflection equation for most of the semisimple Lie (super-) algebras are well known. However vector boundaries have not been studied as much as the singlet ones. The corresponding reflection matrices are usually constructed via the boundary bootstrap procedure by fusing bulk R-matrices with an appropriate scalar reflection matrix (see e.g. [7, 25] ), thus we hope the boundary algebras we have constructed in this paper will serve not only as neat examples but will contribute to the exploration of such boundaries as well.
We show that for the quantum affine algebras, the reflection algebras for both boundary conditions are quantum affine coideal subalgebras that are a generalization of the quantum symmetric pairs of simple Lie algebras considered in [26] and [27] , where quantum symmetric pairs and the associated coideal subalgebras for all simple Lie algebras have been classified. Such coideal subalgebras were also considered in [28] [29] [30] [31] . Similar quantum affine coideal subalgebras for algebra of type A (1) 1 was considered in [16, 32] , for D (1) n in [33] , for the double affine Hecke algebras of type C ∨ C n in [34] , for o(n) and sp(2n) in [35] , and for the Sine-Gordon and affine Toda field theories in [17, [36] [37] [38] .
For the Yangian case we will consider two types of the (generalized) twisted Yangians. For the singlet boundary we will consider the twisted Yangian introduced in [11] , while for a vector boundary we will employ the twisted Yangian introduced in [39] . In order to distinguish these two algebras we name them the twisted Yangian of type I and of type II respectively. We note that reflection algebras and Yangians for gl(n) in various contexts have been extensively studied in [12] [13] [14] , for superalgebras sl(m|n) and gl(m|n) in [40] [41] [42] [43] . See [44] for an 'achiral' extension of such Yangians.
We also give some arguments that the quantum affine coideal subalgebras in the rational q → 1 limit specialize to the twisted Yangians. This is an important but quite technical question that is worth of exploration on its own, thus we will be rather concise and heuristic concerning this claim in the present paper. A thorough exploration of the Yangian limit of the quantum affine enveloping algebras can be found in [45] [46] [47] .
This paper is organized as follows. In section 1 we give the necessary preliminaries. We recap the construction of quantum symmetric pairs and coideal subalgebras following closely to [26] . We then give the definition of the quantum affine coideal subalgebra, and also the definitions of the twisted Yangians introduced in [11] and [39] . In section 2 we construct reflection algebras for the quantum affine algebra U q ( sl (2) ). In section 3 we construct the twisted Yangians for Y(sl (2) ). In sections 4 and 5 we repeat the same derivations for quantum groups U q ( gl(1|1)) and Y(gl(1|1)) respectively. Appendix A contains a heuristic Yangian limit U q ( sl(2)) → Y(sl(2)).
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Let A be a quantum affine universal enveloping algebra U q ( g). Let V be a finite dimensional vector space and T z : A → End(V) be a finite dimensional representation of A, where z denotes the spectral parameter of the representation. Then (T z ⊗ T w ) : R → R(z/w) ∈ End(V ⊗ V) maps the universal R-matrix to a matrix called the trigonometrical R-matrix. In such a way (1.1) becomes the intertwining equation,
and the Yang-Baxter equation (1.2) on the space V ⊗ V ⊗ V becomes
In the case of an irreducible representation T z ⊗ T w the intertwining equation (1.3) defines the R-matrix uniquely up to an overall scalar factor. Furthermore, this R-matrix satisfies (1.4) automatically.
1.2.
Coideal subalgebras and the reflection equation. Consider the reflection equation [7] 
defined on the tensor space V ⊗ V ⊗ W, where W is a boundary vector space. Here K 13 (z) and K 23 (w) are reflection matrices such that 1 ⊗ K 23 (w) ∈ V ⊗ End(V ⊗ W) and a similar relation holds for K 13 (z).
Let B ⊂ A be a left coideal subalgebra,
LetT s : B → End(W) be a finite dimensional representation of B, called the boundary representation; here s denotes the boundary spectral parameter. Definition 1.1. A coideal subalgebra B is called a quantum affine reflection algebra if the intertwining equation
for some representations T z andT s defines a K-matrix K(z) ∈ End(V ⊗W) satisfying the reflection equation (1.5).
Let the boundary vector space be one-dimensional, W = C. ThenT s = ǫ and K(z) ∈ End(V ⊗ C). In this case the intertwining equation (1.7) becomes
For an irreducible representation T z (resp. T z ⊗T s ) of B, the intertwining equation (1.8) (resp. (1.7)) defines the K-matrix uniquely up to an overall scalar factor. Note that the boundary representationT s may be different from T z ; however, in this paper we will consider theT s ∼ = T z case only. Definition 1.2. LetT s ∼ = T z be a non-trivial boundary representation. Then we call (1.7) the intertwining equation for a vector boundary. We call (1.8) the intertwining equation for the singlet boundary.
For a given algebra A and R-matrix R(z) there can be a family of coideal subalgebras that define inequivalent solutions of the reflection equation. The most general solutions of the reflection equation are known for some Lie algebras only, and even less is known about the universal solution (see e.g. [48] ). In the following subsections we will consider coideal subalgebras compatible with the reflection equation for the quantum affine enveloping algebras and Yangians.
1.3. Quantum symmetric pairs and coideal subalgebras. We will begin by introducing the necessary notation and then we will give the definition of the coideal subalgebras of the universal enveloping algebras. We will be adhering closely to [27] .
Let g be a semisimple Lie algebra of rank n. Let Φ denote the root space of g, and Φ + be the set of positive roots. Let π = {α i } i∈I be a basis of the simple positive roots in Φ + . Here I = {1, . . . , n} denotes the set of Dynkin nodes of g. We will use λ to denote any root in Φ. Let (·, ·) denote a non-degenerate Cartan inner product on h * , the dual of the Cartan subalgebra h of g. Then the matrix elements of the Cartan matrix (a ij ) i,j∈I are given by a ij = 2(α i , α j )/(α i , α i ). There exists a set of coprime positive integers (r i ) such that (b ij ) = (r i a ij ) is symmetric and is called the symmetrized Cartan matrix.
The triangular decomposition of g is given by n − ⊕ h ⊕ n + , and the basis for n − (resp. n + ) is {f i } i∈I (resp. {e i } i∈I ). Let h i = [e i , f i ] for all i ∈ I. Then {e i , f i , h i } i∈I is a Chevalley basis for g satisfying
and the Serre relations
Let θ : g → g be a maximally split involutive Lie algebra automorphism (involution) of g, i.e.
It defines a symmetric pair (g, g θ ), where g θ is the θ-fixed subalgebra of g, and induces an involution Θ of the root space Φ. Let π Θ = {Θ(α i ) = α i | α i ∈ π} denote the Θ-fixed subset of π. Then, by (1.11), Θ(−α j ) ∈ Φ + for all α j ∈ π\π Θ . Let p be a permutation of {1, . . . , n} such that
and p(i) = i otherwise. Let π * be a maximal subset of π\π Θ such that α j ∈ π * if p(j) = j, or only one of the pair α j , α p(j) is in π * if p(j) = j. Then for a given j such that α j ∈ π * there exists a sequence {α j1 , . . . , α jr }, where α j k ∈ π Θ , and a set of positive integers {m 1 , . . . , m r } such that θ defined by
for all α j ∈ π * is an involution of g (up to a slight adjustment and rescaling of the definition of powers (
would hold). Here (ad a)b = [a, b] and m (j) = m 1 + . . . + m r . Note that the notation used in (1.14) corresponds to Θ(α j ) = −m 1 α j1 − . . . − m r α jr − α p(j) . The special case Θ(α j ) = −α j for all simple roots α j ∈ π gives Chevalley anti-automorphism κ(f j ) = e j , κ(e j ) = f j , κ(h j ) = −h j .
Let the quantum deformed universal enveloping algebra U q (g) of a semisimple complex Lie algebra g of rank n be generated by the elements ξ
rihi , i ∈ I, and q ∈ C × is transcendental) that correspond to the standard Chevalley-Serre realization satisfying
and the quantum Serre relations
The notation used in here is q i = q ri and
The algebra U q (g) becomes a Hopf algebra when equipped with the coproduct ∆, antipode S and counit ǫ given by
Being a Hopf algebra, U q (g) admits a right adjoint action making U q (g) into a right module. The right adjoint action is defined by
We shall also be using a short-hand notation ad r ξ
a, for any a ∈ U q (g). Let T be an abelian subgroup T ⊂ U q (g) generated by k ± i . Set Q(π) to be equal to the integral lattice generated by π, i.e. Q(π) = 1≤i≤n Zα i . Then there is an isomorphism τ of abelian groups from Q(π) to T defined by τ (α i ) = k i , thus for every λ ∈ Φ there is an image τ (λ) ∈ T .
Consider the involution θ of g defined in (1.13) and (1.14). It can be lifted to the quantum case in the following sense. Theorem 1.1 (Theorem 7.1 of [26] ). There exists an algebra automorphismθ of U q (g) such that
This construction allows us to define a left coideal subalgebra of U q (g) induced by the involution Θ. Let T Θ = {τ (λ) | Θ(λ) = λ} be a Θ-fixed subalgebra of T . Let M be a Hopf subalgebra of U q (g) generated by ξ
i } is the Cartan subgroup of M. Furthermore,θ 2 = id when restricted to M and to T . Finally, in the q → 1 limitθ specializes to θ. [26] ). The subalgebra B ⊂ U q (g) generated by M, T Θ and the elements
and suitable d j ∈ C × is a left coideal subalgebra of U q (g).
Let U + (resp. U − ) be the subalgebra of U q (g) generated by ξ
By the definition, the elementsθ(ξ − j )k j are such that (see Section 6 and the proof of the Theorem 7.2 of [26] ),
Hence the coproducts of B − j are of the following form, The pair (U q (g), B) is called the quantum symmetric pair and is the quantum analog of the pair of enveloping algebras (U(g), U(g θ ) ). For more details consult Section 7 of [26] ; for explicit B's for various simple Lie algebras see [27] . Note that the action ofθ on ξ + j is not explicitly defined by Theorem 1.1, but is constrained by requiringθ to be an automorphism of U q (g).
In some cases it is more convenient to work with an equivalent coideal subalgebra B ′ which is obtained by interchanging all ξ − i and k
Then there exists c B ∈ C × such that κ B (B) = B holds. This is easy to check. Firstly, 
This leads to the following corollaries:
and (1.30) holds for all α j ∈ π * . It is an involutionθ ′2 = id when restricted to M and to T . In the q → 1 limitθ ′ specializes to θ. Corollary 1.3. The subalgebra B ′ ⊂ U q (g) generated by M, T Θ and the elements
× is a left coideal subalgebra of U q (g).
′ generated by M, T Θ and the elements B + j for any but not all α j ∈ π\π Θ is a left coideal subalgebra of U q (g).
Note that in this case the action ofθ ′ on ξ − j is not explicitly defined, but is constrained requiringθ ′ to be an automorphism of U q (g).
1.4. Quantum affine coideal subalgebras. We will further be interested in two particular extensions of the coideal subalgebras defined above. We will construct coideal subalgebras of the quantum affine algebra U q ( g) that are associated with singlet and vector boundaries.
Letĝ be the (untwisted) affine Kac-Moody algebra. Let ( a ij ) i,j∈Î denote the extended Cartan matrix and ( b ij ) = ( r i a ij ) be the symmetrized extended Cartan matrix. HereÎ = {0, 1, . . . , n} denotes the set of Dynkin nodes ofĝ. The set of the simple positive roots is given by π = α 0 ∪ π, where α 0 is the affine root. Recall thatĝ is an one-dimensional central extension of the Lie algebra L(g) = g[z, z −1 ] of Laurent polynomial maps C × → g under pointwise operations. The triangular decomposition is given byĝ =n + ⊕ĥ ⊕n − , wherê
Here K is the central element and D is the derivation of the algebra. The Chevalley generators are given by
where e 0 ∈ g −ϑ , f 0 ∈ g ϑ are such that ϑ ∈ Φ + is the highest root of g.
Then the affine root is given by α 0 = δ − ϑ. Consider an involution θ ofg such that the associated root space involution Θ is given by
and satisfying the following constraint,
here p(0) ∈ {0, . . . , n}, and
are satisfied, and thus the involution θ can be naturally lifted to an involution ofĝ. Otherwise, if p(0) = 0, relations (1.39) do not hold and such lift is not possible. Nevertheless, θ 2 = id onĝ for both cases.
Let U q ( g) be the universal enveloping algebra ofĝ. The algebra U q ( g) in the standard Drinfeld-Jimbo realization is generated by the elements ξ
is a Hopf subalgebra and is isomorphic as a Hopf algebra to U q (g). In this way, the modules of U q ( g) restrict to the modules of U q (g) [50] . The involution θ defines a Hopf subalgebra M ⊂ U q ( g) generated by ξ
for all α i ∈ π\α p(0) and an abelian subgroup T Θ in the sense as described above. Furthermore, the involution θ induces an automorphism of U q ( g) in the following way. Proposition 1.1 (Theorem 1.1 for the quantum affine algebras). Let a root space involution Θ be defined as in (1.37). Then there exists a sequence {α 01 , . . . , α 0r }, where α 0 k ∈ π\α p(0) , and a set of positive integers {m 1 , . . . , m r } such that the algebra mapθ defined bỹ
can be extended to an automorphism of U q ( g). Furthermore, it is an involutionθ 2 = id when restricted to M and to T . In the q → 1 limitθ specializes to θ.
Note that for p(0) = 0 case the last two lines of (1.40) are equivalent. The proof of this proposition would be a lift of the proof of the Theorem 7.1 of [26] . This is because the sequence {m 1 , . . . , m r } does not include the affine root, which makes the whole construction very similar to the non-affine case. However here we will not attempt to give a proof as it goes beyond of the scope of the present work. We will concentrate on the quantum affine coideal subalgebras B ⊂ U q ( g) compatible with the reflection equation. Setπ
Proposition 1.2. The algebra B generated by M, T Θ , and the elements
and suitable d j ∈ C × is a quantum affine coideal subalgebra of U q ( g) .
Proof. The proof of this proposition is a direct lift of the proof of the Theorem 1.2 (Theorem 7.2 of [26] ). We need to check that
This property is manifest for all generators of M and of T Θ . Next we need to show that it also holds for B
as required.
Analogously to the non-affine case, we could instead introduce an equivalent coideal subalgebra B ′ which is obtained by interchanging all ξ − i and k
Furthermore, it is an involutionθ ′2 = id when restricted to M and to T . In the q → 1 limitθ ′ specializes to the involution θ. Corollary 1.6. The subalgebra B ′ ⊂ U q ( g) generated by M, T Θ and the elements
We call B ± j the twisted affine generators.
The coideal subalgebra B (resp. B ′ ) defined above with suitable
is a quantum affine reflection algebra. These two algebras are isomorphic by the construction. In the cases when it is obvious from the context we will further refer to a quantum affine reflection algebra simply as a reflection algebra. The parameters d j (resp. d ′ j ) are constrained by solving the intertwining equation (1.7) for all generators of B (resp. B ′ ). In certain cases, in particular for p(0) = 0, the requirement for d j (or equivalently for d ′ j ) to be non-zero is too restrictive. Thus in such cases it can be more convenient to deal with a reflection algebra defined in the following remark. Remark 1.1. The subalgebra B ⊂ U q ( g) generated by M, T Θ and the elements
with suitable d ± ∈ C is a quantum affine reflection algebra.
We will give explicit examples supporting the claims above for both singlet and vector boundaries in the following sections. In Section 2 we will construct coideal subalgebras for U q ( sl(2)), and in Section 4 for U q ( gl(1|1)). 
The last equality holds for a suitable choice of d ± .
Finally note that one could equivalently choose ξ
). This would introduce a factor of q ± ajj for d ± .
1.5. Yangian. The Yangian Y(g) of a Lie algebra g is a deformation of the universal enveloping algebra of the polynomial algebra g [u] . It is generated by the level-zero g generators j a and the level-one Yangian generators j a . Their commutators have the generic form
and are required to obey Jacobi and Serre relations
where 
needs to be used instead. The indices of the structure constants f ab d are lowered by means of the KillingCartan form g bd . Here α is a formal level-one deformation parameter which is used to count the formal level of the algebra elements. In such a way the left and right hand sides of the expressions in (1.50) and (1.51) are of the same level.
The Hopf algebra structure is then equipped with the following coproduct ∆, antipode S and counit ǫ,
where c g is the eigenvalue of the quadratic Casimir operator in the adjoint representation (f bc a f cbd = c g g ad ) and is required to be non-vanishing.
The finite-dimensional representations of Y(g) are realized in one-parameter families, due to the 'evaluation automorphism'
corresponding to a shift in the polynomial variable. On (the limited set of) finite-dimensional irreducible representations of g which may be extended to representations of Y(g), these families are explicitly realized via the 'evaluation map'
which yields 'evaluation modules' and u is the spectral parameter.
The level-two Yangian generators may be obtained by commuting level-one generators as
where the non-zero extra term X ab is constrained by the Serre relations (1.50) to satisfy f
abc is the right hand side of the second equation in (1.50) (and thus a fixed cubic combination of level-zero generators), and by (1.55) to satisfy f a bc X bc = 0 [21] .
Let V be a finite dimensional vector space and
maps the universal R-matrix to a matrix, called rational R-matrix. In such a way (1.1) becomes the intertwining equation,
and equivalently the Yang-Baxter equation (1.2) becomes 
LetT s : B → End(W) denote an evaluation representation of B on the boundary vector space W. Here we assume W to be finite dimensional.
Definition 1.4. The coideal subalgebra B is called a Yangian reflection algebra if the intertwining equation
Let the boundary vector space be one-dimensional, W = C. ThenT s = ǫ and K(u) ∈ End(V ⊗ C). In this case the intertwining equation (1.60) becomes
Note that (1.60) and (1.61) are Yangian equivalents of the quantum affine intertwining equations (1.7) and (1.8). Finally, for an irreducible representation T u (resp. T u ⊗T s ) of B the intertwining equation (1.61) (resp. (1.60)) defines a K-matrix uniquely up to an overall scalar factor. As in the quantum affine case, the boundary representationT s may be different from T u . Here we will consider theT s ∼ = T u case only.
We will next identify two types of coideal subalgebras of Y(g) that are compatible with the reflection equation. These are the so-called (generalized) twisted Yangians introduced in [11] and [39] , and are constructed by defining involutions of Y(g) and requiring the coideal property to be satisfied. We will simply be calling these twisted Yangians to be of type I and type II respectively. We give the next two propositions without the proofs as they are straightforward. Proposition 1.3. Let a subalgebra h ⊂ g be such that the splitting g = h ⊕ m forms a symmetric pair
This splitting allows us to introduce an involution θ of g such that
Then θ can be extended to the involutionθ of Y(g) such that
Then it can be extended to a non-trivial involutionθ of Y(g) such that
Involutionθ endows Y(g) with the structure of a filtered algebra which combined with the requirement for the coideal property
to be satisfied defines the twisted Yangian Y(g, θ(g)). Hereθ Y(g) denotes theθ-fixed subalgebra of Y(g), and θ(g) denotes the θ-fixed subalgebra of g. Definition 1.5. Let h = θ(g) be a non-trivial θ-fixed subalgebra of g. Then the twisted Yangian Y(g, h) of type I is a left coideal subalgebra of Y(g) generated by the level-zero generators j i and the twisted level-one generators [11, 15] .
where i(, j, k, ...) run over the h-indices and p, q(, r, ...) over the m-indices, and t ∈ C is an arbitrary complex number. Definition 1.6. Let θ(g) = g be a trivial involution of g. Then the twisted Yangian Y(g, g) of the type II is a left coideal subalgebra of Y(g) generated by the level-zero generators j a and the twisted level-two generators
having coproducts of the form Indices a(, b, c, . ..) run over all indices of g, and t ∈ C is an arbitrary complex number. Remark 1.2. In the case when c g = 0 (and g ad is degenerate) the twisted level-two generators can be alternatively defined by [39] 
Let the coproduct of j be defined in terms of the Casimir operator t,
where t is regarded as an element of U q (g) ⊗2 . Then (1.68) can be written as
where t h is the restriction of t to the subalgebra h. The expressions (1.69) and (1.70) can be written as
The twisted Yangians with suitable t ∈ C are Yangian reflection algebras. The isomorphism with the FRT-realization of the twisted Yangians for the type I case for g = sl(n), n > 2 was explicitly shown in [19] . In the following sections we will give explicit examples of the twisted Yangians of both types and show that they are Yangian reflection algebras. In section 3 we will construct generalized twisted Yangians for Y(sl(2)), and in Section 5 for Y(gl(1|1)). We will also show, however rather heuristically, that the quantum affine coideal subalgebras in the rational q → 1 limit specialize to the twisted Yangian of type I if p(0) = 0, and to the type II if p(0) = 0 . It would be very interesting to see this specialization in terms of the approach presented in [46, 47] . However this would require Drinfeld second realization of the reflection algebras which to our knowledge is currently not known.
Reflection algebras for
The corresponding root space Φ is generated byπ = {α 0 , α 1 }. The commutation relations of the algebra are as follows,
Representation. We define the fundamental evaluation representation T z of U q ( sl(2)) on a two-dimensional vector space V with basis vectors {v 1 , v 2 }. Let e j,k be 2 × 2 matrices satisfying (e j,k ) j ′ ,k ′ = δ j,j ′ δ k,k ′ or equivalently e i,j v k = δ j,k v i (i.e. for any operator A its matrix elements A ij are defined by A v i = A ji v j ). Then the representation T z is given by
We choose the boundary vector space W to be equivalent to V. The boundary representation T s is obtained from (2.3) by replacing z with s. Here z (resp. s) is the bulk (resp. boundary) spectral parameter.
The fundamental R-matrix R ij (z) ∈ End(V i ⊗ V j ) satisfying the Yang-Baxter equation (1.4)
is given by
2.1. Singlet boundary. Consider the reflection equation (1.5) on the space V ⊗ V ⊗ C with the R-matrix defined by (2.4) and the K-matrix being any 2 × 2 matrix satisfying
The general solution is [20] 
and a, b, c ∈ C are arbitrary complex numbers.
We are interested in a solution compatible with the underlying Lie algebra. The minimal constraint is to require the reflection matrix to intertwine the Cartan generators,
This constraint restricts the K-matrix (2.5) to be of a diagonal form (a = b = 0)
1
. Next, it is easy to see that such a K-matrix does not satisfy the intertwining equation for any of the Chevalley generators,
We call Cartan generators k i the preserved generators, while the Chevalley generators ξ ± i are the broken generators. This setup is consistent with the following quantum affine coideal subalgebra.
Proposition 2.1. Let the involution Θ act on the root space Φ as
Then it defines a quantum affine coideal subalgebra B ⊂ A = U q ( sl (2)) generated by the Cartan element
and the twisted affine generators
where ξ
Proof. The generators (2.9) satisfy the coideal property Proof. The representation of the generators of B is given by
Let K(z) be any 2 × 2 matrix. The intertwining equation for k 0 k −1 1 restricts K(z) to be of a diagonal form, thus up to an overall scalar factor, K(z) = e 1,1 + k e 2,2 . Next, the intertwining equation for B ± gives
, where c ∈ C is an arbitrary complex number.
This coincides with (2.5) provided a = b = 0 .
Vector boundary.
Consider the reflection equation (1.5) on the tensor space V ⊗ V ⊗ W with the R-matrix defined by (2.4). Then there exists a solution of the reflection equation,
and c ∈ C is an arbitrary complex number. This K-matrix satisfies the intertwining equation (1.7)
We call Cartan generators k i and Chevalley generators ξ ± 1 the preserved generators, while the affine Chevalley generators ξ ± 0 are the broken generators. Next, we identify the corresponding quantum affine coideal subalgebra consistent with the reflection matrix (2.13). Proposition 2.3. Let the involution Θ act on the root space Φ as
Then it defines a quantum affine coideal subalgebra B ⊂ A = U q ( sl (2)) generated by the Cartan generator k 1 , the Chevalley generators ξ Proof. The twisted affine generator (2.16) satisfies the coideal property
The property is satisfied by the definition for the rest of the generators.
Remark 2.1. This algebra may be alternatively generated by k 1 , ξ ± 1 , and the twisted affine generator 
is a reflection algebra for a vector boundary.
Proof. The representation (T z ⊗ T s ) of the coproducts of the Lie generators of B is given by 
Let K(z) be any 4 × 4 matrix. Then the intertwining equation for the Lie generators (2.21) constrains K(z) to the form given in (2.13) up to an unknown function k and an overall scalar factor. Next, the intertwining equation for the twisted affine generators (2.22) has a unique solution,
which coincides with k given in (2.13) provided c = s + s −1 .
Remark 2.2. Reflection matrix (2.13) satisfies the intertwining equation for all Cartan generators k i ∈ T , thus the subalgebra B ⊗ T ⊂ A is also a reflection algebra. The same is true for the reflection algebra of the singlet boundary.
Remark 2.3. The coideal subalgebra defined in proposition 2.2 is also compatible with a vector boundary. The corresponding reflection matrix is (2.24)
and c, s ∈ C are arbitrary complex numbers. This vector boundary reflection matrix can be obtained using the boundary fusion procedure [7, 25] , which in this case is simply K V (z) = P R(zs) (1 ⊗ K S (z)) P R(z/s), where K V (z) is (2.24), K S (z) is (2.5) with a = b = 0, and P = R(0) with R(z) given by (2.4). Similarly, the coideal subalgebra defined in proposition 2.4 is compatible with the singlet boundary. However, the corresponding reflection matrix is trivial,
This reflection matrix can be obtained by solving the boundary intertwining equation for the Lie algebra generators only, and thus the twisted affine symmetries are redundant in this case. The reflection matrix (2.13) can be obtained using an equivalent fusion procedure as above. These properties will further reappear in the Yangian case, and for the GL(1|1) algebra for both affine and Yangian cases. In these cases we will simply state that the corresponding reflection matrix is trivial and omit repeating the expression for the fusion procedure.
Remark 2.4. Let T l,z be a finite-dimensional irreducible representation of the algebra U q ( sl(2)). Let l be an integral or half-integral non-negative number and V l be a (2l + 1)-dimensional complex vector space with a basis {v m | m = −l, −l + 1, · · · , l}. For convenience we set v −l−1 = v l+1 = 0. The operators T l,z (ξ
Let the boundary vector space W l and the boundary representation T l,s be defined in the same way. Then all the constructions of the quantum affine coideal subalgebras presented above apply directly for any finitedimensional representation T l,z and lead to a unique solution (for fixed l) of the reflection equation (for the singlet boundary this was explicitly shown in [32] ).
The coideal subalgebra given in proposition 2.2 is the augmented q-Onsager algebra O (sl(2)) of [16] (see also [17, 18] ). Both of subalgebras 2.2 and 2.4 by the construction are closely related to the orthogonal and symplectic twisted q-Yangians Y tw q (o 2 ) and Y tw q (sp 2 ) introduced in [35] , however we do not know the exact isomorphism.
Reflection algebras for Y(sl(2))
Algebra. The Yangian Y(sl(2)) is generated by the level-zero Chevalley generators E ± , Cartan generator H, and the level-one Yangian generators E ± and the corresponding level-one Cartan generator H . The commutation relations of the algebra are given by
The Hopf algebra structure is equipped with the following coproduct,
Representation. The fundamental evaluation representation of Y(sl(2)) on the two-dimensional vector space V is defined by
We set T u (α) = 1. The boundary representation T s is obtained by replacing u with s. Here u (resp. s) is bulk (resp. boundary) spectral parameter.
The fundamental R-matrix R ij (u) ∈ End(V i ⊗ V j ) satisfying the Yang-Baxter equation (1.57)
is given by .4) 3.1. Singlet boundary. Consider the reflection equation (1.58) on the space V ⊗ V ⊗ C with the R-matrix defined by (3.4) and the K-matrix being any 2 × 2 matrix satisfying
The general solution is [8] 
Once again we are interested in a solution compatible with the underlying Lie algebra and thus require the reflection matrix to intertwine the Cartan generator H,
This requirement restricts K-matrix (2.5) to be of the diagonal form (a = b = 0). Next, it is easy to check that such a K-matrix does not satisfy the intertwining equation for any other generators of sl (2) (and Y(sl (2)) ). Hence we call Cartan generator H the preserved generator, while the rest are the broken generators. This setup allows to define the following involution, which is obvious and thus we do not give a proof of it, and the twisted Yangian (we will follow the same strategy in further sections).
Proposition 3.1. Let the involution θ act on Lie algebra g = sl(2) as
defining a symmetric pair (g, θ(g)), where θ(g) is the θ-fixed subalgebra of g. Then θ can be extended to thē θ involution of Y(g) such thatθ
The twisted Yangian Y(g, θ(g)) of type I for g = sl(2) and θ(g) = H is theθ-fixed coideal subalgebra of Y(g) generated by the Cartan generator H and the twisted Yangian generators [9] 
Here t ∈ C is an arbitrary complex number.
Proof. The twisted generators (3.9) are in the positive eigenspace of the involutionθ and satisfy the coideal property
The same properties for H follows from the definition. Proposition 3.3. The twisted Yangian Y(g, θ(g)) defined above is a reflection algebra for the singlet boundary.
Proof. The representation T u of the generators of Y(g, θ(g)) is given by
Let K(u) be any 2 × 2 matrix. Then the intertwining equation for H restricts K(u) to be of the diagonal form, thus up to an overall scalar factor, K(u) = e 1,1 + k e 2,2 . Next, the intertwining equation for E ± has a unique solution k = t + u t − u which coincides with (3.5) provided c = t and a = b = 0.
Vector boundary.
Consider the reflection equation (1.58) on the tensor space V ⊗ V ⊗ W with the R-matrix defined by (3.4) . Then there exists a solution of the reflection equation,
and c ∈ C is an arbitrary complex number. This K-matrix satisfies the intertwining equation
Thus we call the level-zero sl(2) generators E ± and H the preserved generators, while the level-one generators E ± and H are the broken generators. This setup leads to the following involution and the twisted Yangian.
Proposition 3.4. Let θ be a trivial involution of the Lie algebra g = sl(2),
Then it can be extended to a non-trivial involutionθ of Y(sl(2)) such that
Proposition 3.5. The twisted Yangian Y(g, g) of type II for g = sl(2) and θ(g) = g is theθ-fixed coideal subalgebra of Y(g) generated by all level-zero generators and the level-two twisted Yangian generators
where t ∈ C is an arbitrary complex number.
Proof. The twisted generators (3.16) are in the positive eigenspace of the involutionθ and satisfy the coideal property
The same properties for the level-zero generators follow from the definition. Proposition 3.6. The twisted Yangian Y(g, g) defined above with t = −2 is a reflection algebra for a vector boundary.
Proof. The representation (T u ⊗ T s ) of the coproducts of the Lie generators of Y(g, g) is given by 
Let K(u) be any 4 × 4 matrix. Then the intertwining equation for the Lie generators (3.19) constrains K(u) to the form given in (3.12) up to an unknown function k and an overall scalar factor. Next, the intertwining equation for the twisted Yangian generators (3.20) constrains t = −2 and has a unique solution k = 2u s 2 − (u − 1) 2 which coincides with (3.12) provided c = s .
Remark 3.1. Following the same pattern as in the quantum affine case, the twisted Yangian given in proposition 3.2 is also compatible with a vector boundary. The corresponding fundamental reflection matrix is
and c, s ∈ C are arbitrary complex numbers.
The twisted Yangian given in proposition 3.5 is compatible with the singlet boundary, and the corresponding reflection matrix is trivial. 
Let the boundary vector space W l and the boundary representation T l,s be defined in the same way. Then all the constructions of twisted Yangians presented above apply directly for any finite-dimensional representation T l,u and lead to unique solution (for fixed l) of the reflection equation.
To finalize this section we want to note that the twisted Yangian of type I given in proposition 3.2 is isomorphic to the orthogonal twisted Yangian Y + (2) of [9, 10] and to B(2, 1) of [12] . The twisted Yangian of type II given in proposition 3.5 is isomorphic to the symplectic twisted Yangian Y − (2) of [9, 10] and to B(2, 0) of [12] (see also [18] ). 3.3. Yangian limit. The algebra U q ( g) does not contain any singular elements, and in the q → 1 limit specializes to U(g) via the composite map ϕ such that
Set q = e α and z = e −2 u . Then the q → 1 limit is obtained by setting → 0, where is an indeterminate deformation parameter that can be regarded as the Planck's constant when the Yangian is an auxiliary algebra and α is a formal parameter used to track the 'level' of the Yangian generators and is usually set to unity [21] . Consider an extended algebra
(resp. C(( )) ) denotes the formal power (resp. Laurent) series in . This algebra contains singular elements those that do not have a properly defined q → 1 limit. Let A ⊂ U q ( g) be the subalgebra generated U q ( g) and −1 ker(ϕ). Then the Yangian Y(g) as an algebra is isomorphic to the quotient A/ A ∼ = Y(g) [5] . In such a way the Yangian Y(sl(2)) can be obtained by taking the rational q → 1 limit of certain singular combinations of the generators of U q ( sl (2)). Here we shall be very concise and rely a lot on the evaluation map (for some heuristic arguments see appendix A; for more thorough considerations see e.g. [45] [46] [47] ). The Yangian generators of Y(sl (2)) are obtained by the following prescription,
The Lie algebra generators are recovered by
We will next show that the quantum affine reflection algebras considered in sections 2.1 and 2.2 in the rational q → 1 limit specializes to the Yangian reflection algebras considered in sections 3.1 and 3.2 respectively. Proposition 3.7. The coideal subalgebra B ⊂ U q ( sl (2)) defined by the Proposition 2.2 in the rational q → 1 limit specializes to the twisted Yangian Y(g, h) of type I defined by the Proposition 3.2.
Proof. Recall that B is generated by the twisted affine generators (2.9)
and the Cartan element k 0 k −1
We will be using the following expansion,
where O(α 2 ) represent the higher order in α terms (here α ∼ ). Then by substituting c → q −2t and with the help of (3.27) and (3.28) we find
These coincide with (3.9) as required.
Proposition 3.8. The quantum affine coideal subalgebra B ⊂ U q ( sl (2)) defined by the Proposition 2.4 in the rational q → 1 limit specializes to the twisted Yangian Y(g, g) of type II defined by the Proposition 3.5.
Proof. Recall that B is generated by all level-zero generators plus twisted affine generators (2.16) and (2.18),
This leads to the following expansion
We will also need a higher order expansion of k i , namely, (3.37)
Consider the following rational combination,
Then, by substituting (3.36) and (3.37) and with the help of (3.27) and (3.28), we find
Here we have used the constraint t = −2 for E + implicitly. In a similar way, for the twisted affine generator B + 0 , the rational combination
Finally, the Lie generators are recovered in the usual way as described above.
Reflection algebras for U q ( gl(1|1))
Algebra. The quantum affine Lie superalgebra U q ( gl(1|1)) in the Drinfeld-Jimbo realization is generated by the fermionic Chevalley generators ξ ± 1 , the Cartan generators k 1 , k 2 (here k 2 = q h2 , and h 2 is the nonsupertraceless generator completing the superalgebra sl(1|1) to gl(1|1) ), and the affine fermionic Chevalley generators ξ ± 0 and the corresponding affine Cartan generator k 0 . The extended (symmetric) Cartan matrix is given by
The corresponding root space has a basis of two fermionic roots,π = {α 0 , α 1 }. The commutation relations are as follows, for 0 ≤ i, j ≤ 2 (Chevalley generators corresponding to the Cartan generator k 2 are absent):
Here {a, b} = a b + b a denotes the anti-commutator. The graded right adjoint action is defined by
where (−1)
is the grading factor. Notice that the block ( a ij ) 0≤i,j≤1 is trivial, and thus the right adjoint action for this block is equivalent to the regular graded commutator. This shall have important consequences for constructing the reflection algebra for a vector boundary. For this reason we shall also be in the need of a level-one Drinfeld generator h + 2 , which has coproduct defined by (see [24] ) ∆(h
Representation. We define the fundamental evaluation representation T z of U q ( gl(1|1)) on a graded twodimensional vector space V.
We choose the boundary vector space W to be equivalent to V. Then the boundary representation T s on W is obtained from (4.5) by replacing z with s.
The fundamental R-matrix satisfying Yang-Baxter equation (1.4) is given by 
and c ∈ C is an arbitrary complex number.
The general solution (4.7), in contrast to (2.5) , is already of a diagonal form and thus intertwines all (levelzero) Cartan generators k i , but does not satisfy the intertwining equation neither for any of the Chevalley generators nor for the level-one Cartan generators h 
where ξ Proof. The representation T z of the generators of B is given by
and T z (k 2 ) was given in (4.5). Let K(z) be any 2 × 2 matrix. Then the intertwining equation for k 0 k −1 1 and k 2 restricts K(z) to be of a diagonal form. This gives K(z) = e 1,1 + k e 2,2 up to an overall scalar factor. Next, the intertwining equation for B ± gives
, where c ∈ C is any complex number. This coincides with (4.7).
Vector boundary.
Consider the reflection equation (1.5) on the tensor space V ⊗ V ⊗ W with the R-matrix defined by (4.6). Then there exists a solution of the reflection equation
This K-matrix satisfies the intertwining equation (1.7) for all generators of the Lie superalgebra gl(1|1). Thus we call Cartan generators k i and Chevalley generators ξ Then it defines a quantum affine coideal subalgebra B ⊂ A = U q ( gl(1|1)) generated by the Cartan generators k i , the Chevalley generators ξ ± 1 , and the twisted affine generator
× is an arbitrary complex number.
Proof. The twisted affine generator (4.14) satisfies the coideal property,
The property follows by definition for k i and ξ Remark 4.1. This algebra is not of the canonical form (compare (1.47), (2.16) and (4.14) ). This is due to the all-zero entries in the block 0 ≤ i, j ≤ 1 of the extended Cartan matrix a ij (4.1), and thus the ad r -action is equivalent to the usual graded commutator. In such a way the level-one Drinfeld generator h 
2 (e 1,1 + e 2,2 + e 3,3 + e 4,4 ) , where
Let K(z) be any 4 × 4 matrix. Then the intertwining equation for the Lie generators (4.16) constrains K(z) to the form given in (4.12) up to an unknown function k and an overall scalar factor. Next, the intertwining equation for the twisted affine generator (4.17) has a unique solution
which coincides with k given in (4.12) provided c = s + s −1 .
Remark 4.2. The coideal subalgebra given in proposition 4.2 does not lead to a unique reflection matrix for a vector boundary. The boundary intertwining equation in this case defines the reflection matrix up to an overall scalar factor and one unknown function,
and c, s ∈ C are arbitrary complex numbers. Here k ′ = k ′ (z) is the unknown function that needs to be obtained by solving the reflection equation (having several solutions one of which is k ′ = 0). In such a way this coideal subalgebra is not a reflection algebra for a vector boundary. It does not lead to a reflection matrix automatically satisfying the reflection equation.
The coideal subalgebra given in proposition 4.4 is compatible with the singlet boundary; the corresponding reflection matrix is trivial.
Finally we note that the coideal subalgebra given in proposition 4.2 can be understood as the augmented q-Onsager algebra O (gl(1|1)).
Reflection algebras for Y(gl(1|1))
Algebra. The Yangian Y(gl(1|1)) is generated by the level-zero Chevalley generators E ± , Cartan generators H and the non-supertraceless generator H 2 , and the level-one Yangian generators E ± and the corresponding level-one Cartan generators H and H 2 . The commutation relations of the algebra are
Representation. The evaluation representation on the graded two-dimensional vector space V is defined by
and T u (α) = 1. As previously, we choose the boundary vector space W to be equivalent to V. The boundary representation T s on W is obtained from ( 
This K-matrix intertwines the Cartan generators H and H 2 , but does not satisfy the intertwining equation for any other generators of gl(1|1) (and Y(gl(1|1)) ). Hence we call Cartan generators H and H 2 the preserved generators, while the rest are the broken generators. This setup allows to define the following twisted Yangian.
Proposition 5.1. Let the involution θ act on the Lie algebra g = gl(1|1) as
defining a symmetric pair (g, θ(g)). Then involution θ can be extended to the involutionθ of Y(g) such that
Proposition 5.2. The twisted Yangian Y(g, θ(g)) of type I for g = gl(1|1) and θ(g) = {H, H 2 } isθ-fixed coideal subalgebra of Y(g) generated by the Cartan generators H and H 2 , and the twisted Yangian generators
Proof. The twisted generators (5.8) are in the positive eigenspace of the involutionθ (5.7) and satisfy the coideal property
The same properties are obvious for H and H 2 .
Proposition 5.3. The twisted Yangian Y(g, θ(g)) defined above is a reflection algebra for the singlet boundary.
Proof. The representation T u of the twisted generators of Y(g, θ(g)) is given by
For H and H 2 it was given in (5.3). Let K(u) be any 2 × 2 matrix. Then the intertwining equation for H and H 2 restricts K(u) to be of a diagonal form. This gives K(u) = e 1,1 + k e 2,2 up to an overall scalar factor. Next, the intertwining equation for E ± has a unique solution k = t + u − 1/2 t − u − 1/2 which coincides with (5.5) provided t = c + 1/2 and a = b = 0.
Vector boundary.
Consider the reflection equation (1.5) on the tensor space V ⊗ V ⊗ W with the R-matrix defined by (3.4) . Then there exists a solution of the reflection equation,
This K-matrix satisfies the intertwining equation for all generators of gl(1|1). We call the level-zero generators E ± , H and H 2 the preserved generators, while the level-one generators E ± , H and H 2 are the broken generators. This setup leads to the following twisted Yangian.
Proposition 5.4. Let θ be a trivial involution of the Lie algebra g = gl(1|1),
Then it can be extended to a non-trivial involutionθ of Y(gl(1|1)) such that
Proposition 5.5. The twisted Yangian Y(g, g) of type II for g = gl(1|1) and θ(g) = g isθ-fixed coideal subalgebra of Y(g) generated by the level-zero generators and the level-two twisted Yangian generators
where t ∈ C is any complex number.
Proof. The twisted generators (5.14) are in the positive eigenspace of the involutionθ (5.13) and satisfy the coideal property ). In such a way this twisted Yangian is not a reflection algebra for a vector boundary. It does not lead to a reflection matrix automatically satisfying the reflection equation. This is in agreement with the remark 4.2.
The twisted Yangian given in proposition 5.5 is compatible with the singlet boundary; the corresponding reflection matrix is trivial. 5.3. Yangian limit. Lie algebras sl(2) and gl(1|1) are very similar, thus the Yangian limit of coideal subalgebras of U q ( gl(1|1)) is obtained in a very similar way as it was done in section 3.3. The Yangian Y(gl(1|1)) can be obtained by taking the rational q → 1 limit of singular combinations of the generators of U q ( gl(1|1)), Next will show that the quantum affine reflection algebra considered in section 4.1 in the rational q → 1 limit specializes to the Yangian reflection algebra considered in section 5.1. We will not attempt to show the specialization of the reflection algebra presented in section 4.2, as this requires considerations of the Drinfeld second realization of U q ( gl(1|1)) and goes beyond the scope of the present work.
Proposition 5.7. The quantum affine coideal subalgebra B ⊂ U q ( gl(1|1)) defined by the Proposition 4.2 in the rational q → 1 limit specializes to the twisted Yangian Y(g, h) of type I defined by the Proposition 5.2.
Proof. Recall that B is generated by the twisted affine generators (4.9) Here we give a heuristic derivation of the Yangian limit of U q ( sl(2)). We will recover the level-one generators of Y(sl(2)) by calculating the rational q → 1 limit of certain singular combinations of the generators of U q ( sl(2)) that otherwise do not have a propierly defined q → 1 limit.
Set g = sl(2). Recall thatŝl(2) ∼ = L(g). Let the Chevalley basis of U(g [u] ) be given by
Choose e q , f q and k q = q h be the basis of U q (g). Then the basis of U q (L(g)) is given by
Set q = e α and z = e −2 u . Then the q → 1 limit is obtained by setting → 0. The expansion in series of the Cartan generators k i at the point = 0 is given by 
